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The Statistical Learning Framework

Domain set X': Images, sounds, text, DNA sequences, web pages, ...

Label set Y: for binary classification, Y = {0,1} or {—1,1}; for multicategory classification, Y =
{1,2, ..., k}; and for classical regression, Y = R

Training data § = ((x1, ¥1), -, (s ¥m)) € (X X Y™

Data-generation model: a probability distribution D over X XY

> Note that y; may not be a deterministic function of x;. E.g.,, y = f(x) + € with E[e] = 0, or y = f(x, z) with
unobserved z

> D is unknown to the learner

Machine learning algorithm A: a function that maps the training data S to a function (prediction
rule/predictor/classifier/hypothesis) from X to Y

Learning algorithm
Data | 9219 —> @

September 8, 2026 2




The Statistical Learning Framework

Loss function#: Y XY - R
> 0-1loss £(y,z) = 1{y = z}

> square loss £(y,z) = (y — z)?

Expected risk / Population loss / Generalization error / Test error of f:

R(f) = E@y)~pl£(f (x),¥)]

Empirical risk / Empirical loss / Training error of f:

3 1
Rs(f) 1= — > £(f(x), )
i=1

September 8, 2026 3



Empirical Risk Minimization

Let 7 be a hypothesis class {f : X - Y}

An ERM learner aims at finding a function f € H that minimizes the empirical risk:

ERM;.(S) € arg min Rs(f)

D
H o) 1 R | < | Data

ordinary linear regression
H ={fa(x) = 0"¢p(x)} where ¢(-) is a fixed feature map X — R

ERM is the least squares minimization:

mein%;w%(xa -3’
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Empirical Risk Minimization

The Bayes optimal predicator:
R(f) = Eqxyy-p[£(f (x), )] = E[E[£(f (x), y)|x]]
= | BLeG e, plx = ] dp(e),

conditional risk
where p is the density of the marginal distribution of D on X

To minimize the expected risk R(f), we just need to minimize the conditional risk for each x’ € X

fi(x") = arg mellrll E[£(z,y)|x = x'], Vx' € X
Z

The Bayes risk is
R, = R(f.) = j min E[£(z,y)|x = x'] dp(x")
x A

Show that the Bayes optimal predictor f, is optimal, i.e., R, < R(f) forany f: X - Y
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Empirical Risk Minimization

Risk decomposition:

R(f) — R, = r@neij{[IR(fvl) —Rfrf(f) - ggg[lR(hz

approximation error estimation error
Errors
A
€app Underfitting — <— Overfitting
® 9
©
‘H © O €est
e 0,
e %

» “Size” of ‘H
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Toy Example: Polynomial Regression

The goal is to find the best degree-P polynomial approximation of the function

f(x) = 2x + cos(25x)

Training data: {(x;, f(x)))}._,, each x; € [=1,1] is an ii.d. uniform sample

Hypothesis class:

H={0€R": 0T},

Errors

Underfitting —
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d(x) = (L1(x)»L2(x); ---:LP(x))

<—— Overfitting
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(Schaeffer et al,, arXiv:2303.14151)
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PAC Learning

Probably approximately correct (PAC) learning

A hypothesis class H is (agnostic) PAC learnable if there exist a function m4, and a learning
algorithm A such that for any 6§ € (0,1) and € > 0, for any distribution D over X X Y, when running
the learning algorithm on m = my. (¢, §) i.i.d. samples S generated by D, the algorithm returns a

hypothesis A(S) : X — U satisfying
sfgm [R(A(S)) — fiéljf[R(f) <eg|l=21-96

Today’s PAC learning definition is slightly different from the original one;
see (Hanneke-Mehrotra-Velegkas-Zampetakis, arXiv:2605.13840)

PAC learning has strong connections to many subfields of theoretical computer
science apart from learning, including property testing, algorithmic game theory,
computational complexity, statistical algorithms, and cryptography; Leslie Valiant
see (Servedio, arXiv:2511.08791) Turing Award Laureate

A 7 / / ":
W / c.h,z\\i'"““:'f
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PAC Learning

Given a hypothesis class H, is it PAC learnable? How many samples do we need?

The Realizability Assumption: there exists an h € H such that for any (x, y) ~ D satisfies
y = h(x). In other words, R(h) = 0

Proposition. Every finite hypothesis class is PAC learnable with sampling complexity

10g(|%|/5)>

m(e,c?)SO( -

There exists a learner A such that for any m > ¢ tlog(|H|/6),
JroR(A®) <e]z1-4

With high probability over S ~ D™, the empirical risk minimization satisfies

10g(|?f|)>

m

R(ERMy(S)) — géS(ERM}[(S)) <0 (

=0

11
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PAC Learning

Proposition. Every finite hypothesis class is PAC learnable with sampling complexity

log(|#1/6)
&

m(e, ) <0
Proof.

It suffices to prove that, for m > e~ log(|%|/8), ngm[R(ERM}[(S)) >e|l<6

Let Hp = {f € H : R(f) > ¢} be the set of "bad” hypothesis. That is,
s Pgm[R(ERM}[(S)) > €| = s Pgm[ERM}[(S) € Hz]

Let M :={S : 3f € Hp, Rs(f) = 0} be the set of “misleading” datasets. Then, we have

Pr [ERM4(S) € Hp] < ngm[s eEM] = ngm[ﬂf € Hy, Rs(f) = 0]

S~pm
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PAC Learning

Proposition. Every finite hypothesis class is PAC learnable with sampling complexity

log(|#1/6)
&

m(e, ) <0

Proof.
It suffices to prove that, for m > e~ log(|#|/5), ngm[R(ERM}[(S)) >e|l<6

Let Hp = {f € H : R(f) > ¢} be the set of "bad” hypothesis. That is,
s Pgm[R(ERM}[(S)) > €| = s Pgm[ERM}[(S) € Hz]

Let M :={S : 3f € Hp, Rs(f) = 0} be the set of “misleading” datasets. Then, we have

< | P — < P —
_Pr [ERMy(S) € Hz] < _Pr [S € M] = Pr [3f € Hy, Rs(f) O]‘fz}[ Pr [Rs(F) = 0]
Say:

(Union bound)
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PAC Learning

Proposition. Every finite hypothesis class is PAC learnable with sampling complexity

log(|#1/6)
&

m(e, ) <0
Proof.

(P [ERMy(S) € 73] sfzﬂ Pr [Rs(F) = 0] =fz}[ (P [vi € [m], f(x) = yi]

£ is the 0-1loss or bounded loss
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PAC Learning

Proposition. Every finite hypothesis class is PAC learnable with sampling complexity

log(|#1/6)
&

m(e, ) <0
Proof.

Pr [ERMy(S) €351 < ) Pr [Rs(f)=0]= ) Pr [Vi€[mlf(x) =yl

fEHR fEHR
= Pr x) =y[\"
D (o Prolr =)
fEHB
m
< z ([E(x,y)~2)[1 —2(f (%), Y)]) ¢ i1s the 0-1loss or bounded loss
fEHB

= > (@-RM)" < Y A-o" < [Hgle™ <8

fEHB fEHB B
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PAC Learning

“No Free Lunch” Theorem

Consider binary classification with 0-1 loss and X infinite. For any m > 0 and any learning
algorithm A, there exists a probability distribution D such that

R,=0 and Eg.om[R(A(S))]=1/4

No universal learner: for every learner, there exists a task on which it fails, even though that task
can be successfully learned by another learner

Let X be infinite and let H be the set of all functions from X to {0,1}. Then, H is not
PAC learnable
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PAC Learning

“No Free Lunch” Theorem Consider binary classification with 0-1loss and X infinite. For any m >
0 and any learning algorithm A4, there exists a probability distribution D such that

R,=0 and Eg.om[R(A(S))]=1/4
Proof.

Fix any m > 0. The idea is to construct a hard distribution D supported on k > m data points
such that the knowledge of the m training data point is not enough to predict the remaining k —
m data points

Pick any k different elements x4, ...,x;, € X

For every r € {0,1}%, define a probability distribution D,-:

Dr((xi,y)) — {1/k ify =

) € |k|,y €{0,1
0 otherwise i€kl y€t01}

R, = 0 for every D,
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PAC Learning

“No Free Lunch” Theorem Consider binary classification with 0-1loss and X infinite. For any m >
0 and any learning algorithm A4, there exists a probability distribution D such that

R,=0 and Eg.om[R(A(S))]=1/4
Proof.

Probabilistic method:

ré?oai(}k{ESNDpl [R(A(S))]} = [Er~{o,1}"" [IES~D1’~" [R(A(S))]]
= E,g [i Pr [A(S)(x;) # ri]] = fs‘fi[A(S) (x;) # 711l

To prove the existence of some object with certain property, we devise a random construction and
show that it works with positive probability. (Here, we use Pr[X > E[X]]| > 0)
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PAC Learning

“No Free Lunch” Theorem Consider binary classification with 0-1loss and X infinite. For any m >
0 and any learning algorithm A4, there exists a probability distribution D such that

R,=0 and Eg.pm|[R(A(S))]=1/4
Proof.

Let S = (xi1’ri1’ ...,xim,rim)

Pr [A(S)(x) # 1] = E[Pe{ACS)Cx) # 7 [, 1y, o7 |

r,S,i
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PAC Learning

“No Free Lunch” Theorem Consider binary classification with 0-1loss and X infinite. For any m >
0 and any learning algorithm A4, there exists a probability distribution D such that

R,=0 and Eg.pm|[R(A(S))]=1/4
Proof.
Let S = (xil’ril’ ...,xim,rim)

Pr[A(S)(x;) # 1] = E [Pr[A(S)(xp) # 73 |x;,,73,, ...,xim,n-m]]

> B [PrlA) () = 1 & € (1,0, Mg iy o X7 |

=FE|-- Pr[xi & {xil’ ...,xim}|xi1,ri1, e Xi Tim]]

2
{xi,, - xlm}|]

1
=—EL— 1——
2
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PAC Learning

“No Free Lunch” Theorem Consider binary classification with 0-1loss and X infinite. For any m >
0 and any learning algorithm A4, there exists a probability distribution D such that

R,=0 and Eg.pm|[R(A(S))]=1/4
Proof.

Thus, we get that

1 1
slEsnr (RG] 25(1-F) 23

when k > 2m
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PAC Learning

We have shown that under the realizability assumption (3h € H, R(h) = 0), every finite H is PAC
learnable

We can remove this assumption:

Theorem. Let H be a finite class, and ¢ be the loss function bounded in [0,1]. Then, H is
agnostic PAC learnable using the ERM algorithm with sample complexity

m(e,8) < 0 (log(IiH”I/(Y))

c2

A byproduct is the Uniform Convergence property: for any D, with high probability over § ~ D™,

. ] H
max |R(f) —Rs(H| <0 (\/ og(l D)

m
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PAC Learning

Theorem. Let H be a finite class, and ¢ be the loss function bounded in [0,1]. Then, H is
agnostically PAC learnable using the ERM algorithm with sample complexity

m(e,8) < 0 <1Og(l?fl/5)>

82

Proof.

1 > <

Let h := arg ]rcrg}r[l R(f). We have the following error decomposition:
R(ERMy(S)) — R(h) =0
= (R(ERMy(S)) — Rs(ERMy(S)) ) +

,( ‘
< (R(ERMy(S)) — Rs(ERMy(S)) ) + (Rs(h) — R(h))

Rs(ERMy(S)) — Rs(h)) + (Rs(h) = R(D))
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PAC Learning

Theorem. Let H be a finite class, and ¢ be the loss function bounded in [0,1]. Then, H is
agnostically PAC learnable using the ERM algorithm with sample complexity

m(e,8) < 0 <1Og(l?fl/5)>

82

Proof.

Pr [R(ERMy(8)) = R(B) 2 ] < _Pr. |(R(ERMy(S)) — Rs(ERMy(S)) ) + (Rs(h) — R(D) ) = ¢]
< Pr [3f €36, R(P) - Rs(P)] = /2]

< z Pr [|R(F) —Rs(F)| = £/2]

S~Dm
fFEH

Note that

3 1% )
Rs(f) = Ez () y), R =Epy-olf(fG), 0] E[R()] =R
i=1
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Detour: Concentration

Central limit theorem / Hoeffding / Chernoff / ...

o~ 10 “Pr[|X — E[X]| = to] < exp(—Q(t2))”

Hoeffding's inequality

Let X;, ..., X;,, be Li.d. random variables with
E[X;] =pand a < X; < b. Then,

m

1 2me?

Pr EZXL-—,LL =€l < 2exp _(b—a)z
i=

R(F)—to  R(Y) R +to

https://ruizhezhang.com/teaching 2026/l ecture%203.pdf
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PAC Learning

Theorem. Let H be a finite class, and ¢ be the loss function bounded in [0,1]. Then, H is
agnostically PAC learnable using the ERM algorithm with sample complexity

m(e,8) < 0 <1Og(l?fl/5)>

82

Proof.

By Hoeffding's inequality,

sfgmﬂﬁ(f) — ﬁs(f)| = 8/2] < exp(_Q(mgz))

Thus,

ngm [R(ERM}[(S)) — figjf[R(f) > 8] < |H]| - exp(—Q(mez)) <é

as long as

> 0 (log(lﬂl/@)

82
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PAC Learning

Theorem. Let H be a finite class, and ¢ be the loss function bounded in [0,1]. Then,  is
agnostically PAC learnable using the ERM algorithm with sample complexity

m(e,8) < 0 (10g(|?fl/5)>

82

What about infinite class |H| = o?
No Free Lunch theorem tells that H cannot be all functions from an infinite domain X to {0,1}

Let X = R and H be the set of indicator functions of closed intervals:
1{a < x < b}, Va<b

Then H can be PAC-learned using ERM with sample complexity O Glog%)
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The VC Dimension

Shattering: A hypothesis class H shatters a finite set C c X if the restriction of H to C is the set of
all functions from C to {0,1}, i.e., for C = {c{, ..., ¢, },

He = {(h(cy), .., h(c)) s h € H} = {1, ., i) : ¥ € {0,1}}
That is, || = 2!¢!
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The VC Dimension

Shattering: A hypothesis class H shatters a finite set C c X if the restriction of H to C is the set of
all functions from C to {0,1}, i.e., for C = {c{, ..., ¢, },

He = {(h(cy), .., h(c)) s h € H} = {1, ., i) : ¥ € {0,1}}
That is, || = 2!¢!

VC-dimension

The VC-dimension of a hypothesis class H, denoted VCdim(H), is the maximal size ofaset C c X
that can be shattered by H. If H can shatter sets of arbitrarily large size, we say VCdim(H) = oo

If VCdim(H) = oo, then H is not PAC learnable

Alexei Chervonenkis and Vladimir Vapnik
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The VC Dimension

The VC-dimension of a hypothesis class H, denoted VCdim(H), is the maximal size ofaset C c X
that can be shattered by H..

Examples:
Finite H: 2I¢l = |H, | < |H| = VCdim(H) < log|H]|

Axis aligned rectangles: VCdim(H) = 4
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The VC Dimension

The Fundamental Theorem of Statistical Learning.

Let H be a hypothesis class of functions from X to {0, 1} and let the loss function be the
0-1loss. Then, the following are equivalent:

1) H is agnostic PAC learnable
2) M is PAC learnable

3)  H has finite VC dimension

We already have 1) = 2) and 2) = 3). It remains to show that 3) = 1)

It is very similar to the agnostic PAC learning theorem for finite H:

Let H be a finite class. Then, H is agnostic PAC learnable with sample complexity O (log(lm/@))

g2

The VC dimension bounds the “effective size" of H
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The VC Dimension

Lemma (Sauer-Shelah-Perles). Let H be a hypothesis class with VCdim(H) < d < o. Then, for all
m,

d

m
= <
we(m) = max |Hcl < z ( i )

i=0
In particular, if m > d + 1, then 74,(m) < (em/d)®
For any subset C, the "effective size” || = 0(|C|%) instead of 2!C|

We only prove the uniform convergence property, which will give agnostic PAC learnability

Proposition (Uniform Convergence). Let H be a class and let 74 be its growth function. Then, for
every D, with probability of at least 1 — § over the choice of S ~ D™ we have
\/log T40(2m)

5\m

max |R(f) = Rs()] <

September 8, 2026 32



The VC Dimension

Proposition. Let H be a class and let 74 be its growth function. Then, for every D, with probability
of at least 1 — § over the choice of S ~ D™ we have

max |R() —Rs(f)| <0

\/1 + log 74, (2m)
6vm

Proof.

m

By Markov's inequality, it suffices to prove: Eg [?ne%%( |5‘2(f) — ﬁs(f)| ] <0 <\/1+log T}[(Zm)>
Since Eg|Rs(f)] = R(f), we have

Bs | max [R(H = Rs (| = Bs | max [Eg [Rs (D] = Rs (]
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The VC Dimension

By Jensen’s inequality,

max {E¢ [|Rgr (f) — Rs(H|]} < E

FEH

Thus,

E¢ [max

FEH

|R(f) — ﬁs(f)u < Eggr

S

,[%m(ﬂ—ﬁs(ﬂﬂ \>(k :

| max|Rer (1) = Rs (1)

FEH

FixS,S" ~D™,and let C := S U S’ (only the X part). Then,
max|Rs: (f) = Rs (] = max|Rs: (f) = Rs ()]

Es |[max
fEH

September 8, 2026

|R(f) — ﬁs(f)ll < Eggr

= IES,S'

34

max | Ry (1) = Rs (1)

L feEH ¢

max

1 m
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The VC Dimension

Note the symmetry between S and S': forany o € {+1}™,

m

1
EZ oi(6(f (), yi) = (F (x), v)

=1

max

= [Ec s
S,S FEH

1 m

[Ec s | max
S,S fEH

Thus, we can take expectation over a uniformly random o ~ {+1}™":

m

1
az o (0(f &), yi) — £(F (), vi)

i=1

fEH

o;(¢(f (x}), y)) — €(f (x)),y;)) is a mean-zero random variable in {—1,0,1}. By Hoeffding's
Inequality,
m
1
Pr[
o

= (8 G, v = £(F (), ¥))| = €| < exp(—Q(me?)

m 4
=1
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The VC Dimension

Note the symmetry between S and S’: for any o € {+1}™,

m

1
EZ oi(6(f (), yi) = (F (x), v)

=1

max

— E. .
S5 FeH ¢

1 m

[Ec s | max
S,S Feite

Thus, we can take expectation over a uniformly random o ~ {+1}™":

m

1
EZ o (0(f &), yi) — £(F (), vi)

i=1

fEH

o;(¢(f (x}), y)) — €(f (x)),y;)) is a mean-zero random variable in {—1,0,1}. By Hoeffding's

illequality,
P 1 ? ! ! ,P > < Q 2
Jr fEH - IM i: 1: cl'( (] (:Ci)' yl) (] (xi); yl)) Z €| = |*7-[C| exp( (”lé ))

< 74:(2m) exp(—Q(me?))
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The VC Dimension

Using the fact that for any nonnegative random variable X,

E[X] = foopr[x > ¢]dt,
0

we have

E, | max

1 m
Ez O-i(f(f(xlf)r yl,) _ 'g(f(xi)i yl))‘

fE€HC
B =1
(~ 1 =
=Jo Pr [;gggé 5; o;(C(F (x)), ) — 2(F(x), y)) 26] de

< Jroomin{l, T5:(2m) exp(—Q(me?))} de
0

_ 0 J1+logTs(2m)
- Vm
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The VC Dimension

2404

min{1, T_H (2m) exp(-Q(me~2)) } de]

Worked for 1m 55s
Let
A = 13(2m), exp(—Q(me?)) < e

for some constant ¢ > 0. Consider

I= / min{l, Ae_“’”"2} de.
0

The two terms inside the minimum are equal when

AB—(.‘WI&? =81 — €, = i IOgA
cm

f lde+ A f e~ de

0 €e

[logA A/
= o | erfc (\/ log A) .

2 /em
20 ) e —ema?
f e—r:mf dt E
T

k)
2ema

Thus, for A > 1,

I

Using the Gaussian-tail bound
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[< flog A | 1
- cm 2\/emlog A’

Therefore, in a form valid even when A is close to 1,

f min {l, TH(2m)e_mmeg}} de =0

0

!

1 -+ log 7/(2m)

T

) .




The VC Dimension

Lemma (Sauer-Shelah-Perles). Let H be a hypothesis class with VCdim(H) < d < o. Then, for all
m,
d

m
= <
T (m) chglaglimlﬂfcl = Z ( i )

=0

The number of subsets
- We claim that forany H and C c X,

|H-| < |{B € C : H shatters B}|
We prove this claim by induction. Suppose it holds for k < m
FixH and C = {cq, ...,c,} € X

Define two sets:

Yo =12, s ¥m) # (0,¥2, o, ym) € He V (L, Y2, -, ¥m) € He}
Vi =102 ¥m) # (0,y2, 0, ¥m) € He A(L, Yz, oo, ¥m) € He}

September 8, 2026 39



The VC Dimension

Define two sets:

Yo = {2, s ¥m) + (0,52, e, i) € He V (L, Y2, o0, Yim) € H}
Vi = {2 s ¥ym) 1 (0,52, 0, ym) € He AL, Y2, o, Yim) € He}

Yol + [Y1| = |H]
Since Y, = H ;r with C' == {c,, ..., c;n}, Wwe have

Yol = |[H | < {B € C' : H shatters B}| = [{B € C : ¢c; € B A H shatters B}
Define H' ¢ H containing pairs of functions that only differ in c;:

H' :={theH :3h' e H's.t. h(c;) =h'(c;))V2<i<mA1l—h(c;) =h'(cy)}
Since Y; = # /1, we have

a }[é’l < |{B € C' : H' shatters B}| = |{B C C': H' shatters BU {cl}}|
{B<S C:c, €B N H'shatters B}|
{B<S C:c, €B A H shatters B}|

IA I
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The VC Dimension

Thus,

|Hcl = Yol + |17
<|{BESC:cy &€ B AN HshattersB}| + |[{B S C : c; € B A H shatters B}|
= |[{B € C : H shatters B}
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The VC Dimension

The Fundamental Theorem of Statistical Learning (quantitate version).

Let H be a hypothesis class of functions from X to {0, 1} and let the loss function be the 0—1 loss.
Suppose VCdim(H) = d. Then

1) H is agnostic PAC learnable with sample complexity

d + log(l/d))

c2

m(e, 6) = ®<

2)  H is PAC learnable with sample complexity

0 (d + log(1/ 5)> <m(8) <0 <

€

dlog(1/e) + log(1/5)>

€

Steve Hanneke (2016): # is improperly PAC learnable with sample complexity 0 (dHoi(l/‘S))
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The VC Dimension \

The Halfspaces: X = R%, Y = {-1,1},
H = {sgn({w,x) + b) : w € R%, b € R}

Theorem.
The VC dimension of the class of homogeneous halfspaces (i.e,, b = 0) in R% is d

The VC dimension of the class of the nonhomogeneous halfspacesis d + 1

The Fundamental Theorem of Statistical Learning gives that H is PAC learnable with sample
complexity
d + log(1/9)
3)
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The VC Dimension

Theorem. The VC dimension of the class of homogeneous halfspaces (i.e, b = 0) in R% is d
Proof.

It is easy to see that {ey, ..., e4} is shattered by 7¢: for any labeling (y4, ..., y4) € {+1}%, let
W = (ylt""yd) = <W'ei>=yi

For any {x4, ..., x44+1} € R%, suppose it can be shattered by #
There exist ¢y, ..., ¢4, that are not all zero such that ¥ ¢;x; = 0
Let/:={ie[d+1]:¢c;>0}and]:={i€[d+1]:c; <0}

There are two cases:

.. Both I and ] are non-empty

II.  One of them I is empty
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The VC Dimension

Let/:={ie[d+1]:¢c;>0}and]:={i€[d+1]:c; <0}

If I +# @ and J # @, then consider the labeling:
yi = sgn(¢;)

By shattering, there exists a w € R™ such that sgn({w, x;)) = y;; that is,
(w,x;)=0 ifiel, (wx)<0 ifje]

z. Cixi=z_ 5]
Lel JE]J

0 < z ci{w, x;) = z |cj|(w,xj) <0
i€l JEJ]

Note that

Then, we have

Contradiction!
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The VC Dimension

It remains to consider the case when I # @ and | = @; that is,
z cl-xl-=0, Ci>0 Viel
i€l

For any labeling with y; = —1 for every i € I, let w be the vector that realizes it, i.e.,
(w,x;) <0 Vi€l

Then, we have

= z Cl'(W, xl-) <0
LEI

Therefore, no subset of size d + 1 can be shattered by H

Contradiction!

Hence, VCAim(H) = d
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Support Vector Machine

Which halfspace is better?
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Support Vector Machine

Distance to the hyperplane

Geometric fact: The distance between
a point x to the hyperplane (w, b) is
l{w, x) + b|
lwl]

(w,x)+b=0
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Support Vector Machine

- Margin: the minimal distance between a point in the training set and the hyperplane

[{(w, x;) + bl

min

i€[m] ||W||
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Support Vector Machine

Hard-SVM: return an ERM hyperplane that separates the training set with the largest possible
margin

argmax —min [{w,x;)+b| st y;((w,x;)+b) >0 Vi€ [m] (1)
(w,b):||lw||=1 t€lm]

Whenever (1) is feasible (i.e., linearly separable), it is equivalent to the following optimization:

argmax —min y;((w, x;) + b) 2)
(w,b):||w||=1 t€[mM]

It is also equivalent to the following quadratic optimization:

(Wg, bg) « argmin ||w]|? s.t.  y;({w,x;)+b) =1 Vi€ ][m]
(w,b)

Wy b > (3)

||Wo|| ' ||W0||

(wy, by) « <
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Support Vector Machine

Duality:

argmin ||w]|? s.t.  yi{w,x;) =1 Vi€ |[m]

w

Define a penalty function

_ (1 . _ )0 if yi{w,x;) = 1Vi € [m]
glw) = ae]%lma:)c(xzoz:ie[m] al(l yi ((w, x;) + b)) = {Oo otherwise

Slater’s
Then, we have W

1 1
min [wll?+ g(w) = min _max = lwl*+ Z a;(1 =y ((w, %) + b))
w 2 w i€[m]

a€ERM:qx>0

1 2 I
= max ,min = ||w]||*+ (1 —v; ({w, x;) + b))
2 i€[m]

aERM: a>0I w

Thus, w, = ¥cm @iyix; in the span of {x;, ..., xp, }
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Support Vector Machine

Duality:
1 5 .
Primal: mu}n E”W” s. L. yilw,x;) =1 Vi€ [m]
1 2
Dual: max 2 a: — — 2 o: Vi X
aERM:q¢>0 i€[m] ! 2 ie[m] i ViXi

Suppose w* is the optimal primal solution and a* is the optimal dual solution

Strong duality implies that

W=y a3y a
2 eyt 2 || Lepmy T

2
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Support Vector Machine

Duality:
1 5 .
Primal: mu}n E”W” s. L. yilw,x;) =1 Vi€ [m]
1 2
Dual: max 2 a: — — 2 o: Vi X
aERM:q¢>0 i€[m] ! 2 ie[m] i ViXi

Suppose w* is the optimal primal solution and a* is the optimal dual solution

Strong duality implies that

1 * * ’
wo = E A VX
i€[m]

0=~
2
W'=Y aiym, @ iwhx) -1 =0 Vie[m)
i€[m]

+ z a; (yi{w™, x;) — 1)
i€[m]
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Support Vector Machine

_|_ P

_|_ Supporf . \

vector _

Support

vector @ =

-

What is the sample complexity of hard-SVM?
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The Rademacher Complexity

LetF =2 H ={(x,y) » £(h(x),y) : h € H}. Then, forany f € F, we have
~ 1 m
R() = Egy-nlf )], R =D f)

Representativeness of S w.rt. F: the largest gap between the true error of a function f and its
empirical error

Repp(F,S) = sup |R(F) — Rs ()]
If Repp (F,S) < €/2, then
R(ERMy(S)) — inf R(h) = (R(ERM}[(S)) _ ﬁS(ERM}[(S))) + (ﬁS(ERM}[(S)) _ :fes(h))
+(Rs() - R(W)) < &

How to estimate Repp (F,S) using samples in S only?

51 52
sup
fEF
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The Rademacher Complexity

Re F,S) :=su Xi, Vi z Xi,
pD( ) fe?e f( i» Vi |52| f(] YJ

Suppose |S;| = |S,] = m/2. And let 0 € {—1,1}™ be such that
o;=1 ifi€es, o;=—1 ifi€s,

1S,1 i€s,

Repp (F,S) = 7 ;1611?3 ‘z o f (x;,¥;)

The Rademacher complexity generalizes this idea by considering the expectation with respect to
arandomo ~ {—1,1}"
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The Rademacher Complexity

Let F oS = {(fCer,¥1), ., f(Xm¥m)) : f € F} c R™

Let 0 € {—1,1}" be a random vector such that each coordinate is an independent Rademacher

random variable:
Prlo; = +1] =1/2

The Rademacher complexity of F with respect to S is defined as:

= —[EI [ sup (o, v)]

feF VEF oS

1
R(FoS) = EIEJ [Sup z O-lf(xl'yl

Es.pm|Repp(F,S)] < 2Es.pm[R(F o 5)]

The proof uses the symmetrization technique

See (Shalev-Shwartz-Ben-David, Sec. 26.1) for more details
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The Rademacher Complexity

Es.pm|Repp (F,S)] < 2Es.pm|[R(F o S)]

Corollary. Forany h € H,
Es..pm|R(ERMy(S)) — R(h)| < 2Eg.pm[R(£ 0 I o S)]

Proof.

By the definition of Repy (F, S), we have
Es.pm|R(ERMy(S)) — Rs(ERMy(S))] < 2Eg.pm[R(£ o H o S)]

For any fixed h € H,
R(h) = E5~@m[ﬁs(h)] = [E5~Dm[ﬁ5(ERM}[(S))]

How to convert this expectation bound to a high-probability bound?
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Detour: Concentration (1)

E[X]<?? = Pr[x=>?2?]<6

General approach: Markov inequality

For any nonnegative random variable X,

x > B

p
g 5

<0

We have with probability 1 — § over § ~ D™,
2E¢r _pm[R(£ o H o S')]

R(ERMy(S)) — Jnf R(h) < 5
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Detour: Concentration (1)

E|X] <?? = PriXx=77?7]<§
Specialized approach: concentration inequalities

If the random variable X has a specific tail condition (e.g., subgaussian tail), then we have
Pr(X > E[X] + c] < Pr[|X — E[X]| > ¢] < e™7®©

That is,
PriX = E[X]+ 7 '(og1/8)] <6

Hoeffding's inequality: for any fixed h € H, with probability 1 — 6,

log(1/6)
m

[R(R) = Rs(W)| = J
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Detour: Concentration (1)

E[X]<?? = Pr[x=>?2?]<6

Specialized approach: concentration inequalities

McDiarmid’s Inequality

Let V be some set and let f : V" — R be a function that satisfies the bounded differences condition:
for all i € [m] and for all x4, ..., x,,, x; € V, we have

1f Oy s Xm) — O, e, Xim 1, Xy X1y e X)) | S C
Let X, ..., X;,, be iIndependent random variables supported on V. Then, with probability 1 — §,
f X1, s Xin) = E[f (X, o, Xi)]| < O (cfmlog(1/6))
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The Rademacher Complexity

Repp(F,S) = sup |R(f) — Rs(f)| = sup
feF fEF

1 m
R(f) — Ez f (i)
i=1

Suppose that the loss function is bounded, i.e,, |[£(y,2z)| < 1

Then, Repp (F, S) satisfies the bounded differences condition with parameter%
Recall that Eq_pm[Repp (F,S)] < 2Eq_pm[R(F o S)]
McDiarmid's inequality gives that, with probability 1 — §,

Repp(F,S) < E[Repp(F,S)] + 0( \/mlog(1/5)>

<0 <IESINDm[R(7-" 0 S)] + Jlog(nll/ ‘”)
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The Rademacher Complexity

Theorem. Assume that the loss function ¢ is bounded by 1. Then, with probability 1 — 6,

- log(1/6)
R(ERM3c(S)) = Jnf ROH) S REE o 25) 4 og(l

Proof.

We already show that with probability at least 1 — 6,

log(1/6)
m

R(ERMy(S)) — Rs(ERMy(S)) < Repp(F,S) S Egr _pm[R(F 0 S")] + J

R(FoS") = %IEJ ilég ity aif(xi,yi)] also satisfies the bounded differences condition with

2
parameter —
m
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The Rademacher Complexity

Proof.

We already show that with probability at least 1 — §/2,

log(1/9)

Repp(F,S) S Egr _pm[R(F 0 S')] +\/ —

By McDiarmid'’s inequality again, with probability 1 — §/2,

log(1/9)
m

IR(F 0 §) — Egr_pm[R(F 0 SN]| < J

Thus, by union bound, with probability 1 — 6,

log(1/9)
m

Repp(F,S) SR(LoH oS) +\/
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The Rademacher Complexity

Proof.
By the error decomposition:
R(ERMy(S)) — inf R(h) < (R(ERM}[(S)) - SQS(ERM}[(S))) + (fes(h) - R(h))
< 2Repp(F,S)

Thus, with probability at least 1 — 6,

log(1/6)
m

R(ERMy;(S)) — Inf R(h) S R(£eFH o 5) + J
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The Rademacher Complexity

Properties of the Rademacher complexity
IfA € A" € R™, then R(4) < R(4")

Forany A € R™, c € R, and a, € R™,
R({ca+ ay:a € A}) = |c|R(A)

LetAc R™andletA’ = {3¥,cia; : N€N,a; €A,¢; =0,]cll; = 1}. Then, R(4") = R(4)

Massart lemma. Let A = {ay, ...,ay} € R™. Definea = %Z{-\’:l a;. Then,

J2logN
m

< —a
R(4) < max la; —all

Contraction lemma. Foreachi € [m], let ¢; : R — R be p-Lipschitz: for all x,y € R, we have

|p:(x) — d;()| < plx —y|. For A c R™, let ¢ o A == {(¢1(ayr), ..., pm(am)) : a € A} € R™. Then,
R(poA) <p-R(A)
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The Rademacher Complexity

Let H, == {x » (w,x) : [|[w|]| < 1}. Forany S = (x4, ..., X;),
max; |[x; ||

Vm

R(H; ©S) = RUUW, x1), ..., (W, x)) ¢ llw]l < 1}) <

Proof.

. _
mR(H, 0S) =E, [ sup (o, v)] = IEG[ sup z a;{w, x;)
1 .

[ VEH 0S8 lw||<1

[ m
=IEO- Sup W,z O;Xi|| = 0;Xi u
Jensen's lwli=1 i=1
Jinequality / . 21\ 1/2 - 1/2
N )
s(m[i o D =<2 ||xi||2>
=1 =1

< vmmax||x; |
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Sample Complexity of Hard-SVM

Theorem. Let D be a probability distribution over X x {£1} such that there exists w* with

Prly;(w*,x) =1] =1, and  |[[x|[[ <R
(x,y)~D
Let ws be the solution of Hard-SVM:
argmin ||w||? s.t.  yilw,x;) =1 Vie€[m]

w
Then, with probability at least 1 — § over S ~ D™,

R|w™|| + log(1/5)>

Pr 2)[y + sgn({wsg,x))] < 0 ( Jm

(x,y)~

R?|lw*]|?

€2

The sample complexity is O ( ), without any explicit dependence on the dimension

The VC dimension of the class of halfspaces is d
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Sample Complexity of Hard-SVM

We know that with probability 1 — 6,

log(1/9)

R(h)—ﬁs(h)SR({’o}[oS)+\/ -

( Pr [y # sgn({ws, x))] = E[£y_1(sgn({ws, x)), y)]
x,y)~D

However, the function a » £,_;(sgn(a), y) is not Lipschitz
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Sample Complexity of Hard-SVM

We know that with probability 1 — 6,

A log(1/6
R(h) — Rs(h) < R({’o}[oS)+\/Og(m/ )
Surrogate
Pr [y * Sgﬂ((Ws, x>)] — E[fo—l(sgn(<WSi x>)1 Y)] IOSS
(x,y)~D \ .
., function
However, the function a » £,_;(sgn(a), y) is not Lipschitz

Define the ramp loss
a = framp (a, y) = min{l, max{O,l — ya}} 1
Fory € {£1}, £ramp (-, ¥) is 1-Lipschitz and bounded by 1

o Pr Ly # sgn(w, )] < E[Cramp (W, x), )| = R(hy)
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Sample Complexity of Hard-SVM

Let H = {x » (w,x) : [[w]| < [lw*][}
Then, with probability 1, wg (the Hard-SVM solution) is in H and R¢(wg) = 0

By Contraction lemma,

. omaxllxll  Ilw*lIR
R(Lramp © 9 ©S) S RO o8) = Iwll- RO, © $) < wll— = < =

Thus, with probability 1 — 6,

(x,y)~D

b [y % san(iwe, )] < 0 (nw*nR + Jlog(1/5>>
Jm
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